Noncommutative sedeons and their application in field theory
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We present sixteen-component values “sedeons”, generating associative noncommutative space-time algebra.
The generalized field equations based on sedeonic potentials and space-time operators are proposed. It is
shown that the sedeonic second-order wave equation for massive field can be represented in the form of the
system of Maxwell-like first order equations. The sedeonic generalization of first order Dirac equation for
massive and massless fields is also discussed.
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1. Introduction

The application of hypercomplex numbers and multivectors in the field theory has a long
history. In particular, the simplest generalization of electrodynamics and quantum mechanics was
developed on the basis of quaternions [1-5]. The structure of quaternions with four components
(scalar and vector) corresponds to the relativistic four-vector approach that allows one to
reformulate field equations in terms of quaternionic algebra. However, the essential imperfection of
the quaternionic algebra is that the quaternions do not include pseudoscalar and pseudovector
components. The consideration of total space symmetry with respect to spatial inversion leads us to
the eight-component structures enclosing scalar, pseudoscalar, vector and pseudovector
components. However, attempts to apply different eight-component values such as biquaternions,
octonions [6-11] and multivectors generating associative Clifford algebras [12] have not made
appreciable progress. In particularly, the few attempts to describe relativistic particles by means of
octonion wave functions are confronted by difficulties connected with octonions nonassociativity
[10]. On the other hand, a consistent relativistic approach requires taking into consideration full
time and space symmetries that leads to the sixteen-component space-time algebras.

There are a few approaches in the development of sixteen-component field theory. One of them
is the application of hypernumbers sedenions, which are obtained from octonions by Cayley-
Dickson extension procedure [13-16]. But as in the case of octonions the essential imperfection of
sedenions is their nonassociativity. Another approach is based on application of hypercomplex
multivectors generating associative space-time Clifford algebras. The basic idea of such
multivectors is an introduction of additional noncommutative time unit vector, which is orthogonal
to the space unit vectors [17, 18]. However, the application of such multivectors in quantum
mechanics is considered in general as one of abstract algebraic scheme enabling the reformulation
of Dirac equation for the multicomponent wave functions but does not touch the physical entity of
this equation.

Recently we have developed an alternative approach based on our scalar-vector conception [19-
22] realized in eight-component octons and sixteen-component sedeons. In particular, in Ref. 22 we
considered a variant of sixteen-component sedeonic space-time Clifford algebra with
noncommutative vector basis and commutative space-time units that allowed us to reformulate the
field equations in terms of scalar-vector field potentials. However, these equations have some
asymmetry and contain the special non-sedeonic operators of space-time reflection [22]. In this
paper we present a new version of the sedeonic space-time algebra with non-commutative bases and
demonstrate some of its application to the symmetric reformulation of the basic field theory
equations.



2. Sedeonic space-time algebra

The sedeonic algebra encloses four groups of values, which are differed with respect to spatial
and time inversion.

(1) Absolute scalars (V ) and absolute vectors (\7) are not transformed under spatial and time
inversion.

(2) Time scalars (V,) and time vectors (\71) are changed (in sign) under time inversion and are not
transformed under spatial inversion.

(3) Space scalars (V,) and space vectors (\7,) are changed under spatial inversion and are not
transformed under time inversion.

(4) Space-time scalars (V,. ) and space-time vectors (\7tr) are changed under spatial and time

inversion.

The indexes t and r indicate the transformations (t for time inversion and r for spatial inversion),
which change the corresponding values. All introduced values can be integrated into one space-time
object sedeon V , which is defined by the following expression:

V =V +V+V, +V. +V +V +V,_+V, . (1)
Let us introduce scalar-vector basis a,, a,, a,, a,, where value a, =1 is absolute scalar unit and the
values a,, a,, a, are absolute unit vectors generating the right Cartesian basis. We introduce also
four space-time scalar units €, €,, €,, €,, where value e, =1 is a absolute scalar unit; e, =¢, is a
time scalar unit; €, =€, is a space scalar unit; e, =€, is a space-time scalar unit. Using scalar-

vector basis a, (k = 0,1, 2,3) and space-time scalar units €, (n = 0, 1, 2, 3) we can introduce

unified sedeonic components V,, in accordance with the following relations
V =€Vt
V =e, Vg2, +Voa, +Veed; ) 5

Vt = elVlOaO >
Vt =€ (Vllal +V12a2 +Vl3a3 ) > ()
Vr = ezvzoao >

|

=6, (Vya, +V,a, +V,5a, ),
V. =eV,a,,
V., =€, (Vy, +Vya, +Visa, ).
Then sedeon (1) can be written in the following expanded form:

V =g, (Vooa0 +V,,a, +Vp,a, +V,a, ) +e, (Vma0 +V,a, +V,,a, +V13a3)

)

+e,(Vyoay +Vya, +Vya, +V,5a, )+, (Vyd, +Vya, +Vya, +Vya, ).

The sedeonic components V,, are numbers (complex in general). Further we will use symbol 1
instead units @, and e, for simplicity.
The multiplication and commutation rules for sedeonic absolute unit vectors a,a,,a, and

space-time units €,,€,,€, are presented in tables 1 and 2.



Table 1. Table 2.

a1 a2 a3 el eZ e3
a, 1 ia, —ia, e, 1 ie, - e,
a, —ia, 1 ia, e, - e, 1 ie
a, ia, —ia, 1 e, ie, - e 1

In the tables and further the value i is the imaginary unit (i* =—1). Note that sedeonic units
e, e,, €; and unit vectors a,, a,, a, generate the anticommutative algebras, but e,,e,,e,

commute with a,,a,,a,. Thus the sedeon V is the complicated space-time object consisting of

absolute scalar, space scalar, time scalar, space-time scalar, absolute vector, space vector, time
vector and space-time vector.
Introducing designations of scalar-vector values

Vy =V +Vpia, +Vy,8, +Vy,a,,
V, =V, +Vya, +Vp,a, +V,58,, (4)
V, =V, +V,,a, +V,,a, +V,.a,,
V, =V, +V,a, +V,,a, +V,.a,,
we can write the sedeon (3) in the following compact form
V =V, +eV, +eV, +e\V,. (5)
On the other hand, introducing designations of space-time sedeon-scalars
V, =V +eV,, +e,V, +e,Vy),
V, =V, +eV,+eV, +eV,),
V, =V, +eV,+eV,, +e,V,,), (6)
V, =V, +eV,; +eV,, +eV,,),
we can write the sedeon (3) in the compact form
V =V, +V,a, +V,a, +V.a,, (7)
or introducing the sedeon-vector
V =V +V, +V +V, =V,a, +V,a, +V,a,, )
it can be represented in following compact form
V=V, +V. 9)

Further we will indicate sedeon-scalars and sedeon-vectors with the bold capital letters.
Let us consider the sedeonic multiplication in detail. The sedeonic product of two sedeons

Aand B can be represented in the following form
AB =(A, +A)(B, +B)=AB,+ AB+AB,+(A-B)+| AxEB | (10)

Here we denoted the sedeonic scalar multiplication of two sedeon-vectors (internal product) by
symbol “-”” and round brackets



(A-B)=AB,+AB, +AB,, (11)
and sedeonic vector multiplication (external product) by symbol “x’” and square brackets,
[Ax Lﬂ =i(A,B,-AB,)a, +i(AB,-AB;)a, +i(AB,-AB,)a,. (12)

In (11) and (12) the multiplication of sedeonic components is performed in accordance with (6) and
table 2. Note that in sedeonic algebra the vector triple product has some difference from Gibbs

vector algebra. Let us consider three absolute vectors A, B and C. Then the formula for the vector
triple product in sedeonic algebra has the following form:

[Ax[éxéﬂré(ﬂ.é)mp&.é). (13)
Thus the sedeonic product
F=AB=F,+F (14)
has the following components:
FOZAJBO+AlBl+AZBZ+ASBB’
F1: A_LBo+AoBl+i(AzBs_AsBz)a (15)
Fz = AzBo+AoBz+i(A3Bl_AlBa)a
F3 = AsBo"'A‘oBs"'i(Ale_AzBl)-

3. Sedeonic space rotation and space-time inversion

The rotation of sedeon V on the angle @ around the absolute unit vector fi is realized by
uncompleted sedeon

U =cos(6/2)+isin(0/2) (16)
and by sedeon U" complex conjugated to U :
U" =cos(6/2)—isin(6/2)i (17)
with
U'u=U0U0"=1. (18)

The transformed sedeon V' is defined as sedeonic product
V'=U'V U, (19)
Thus the transformed sedeon V' can be written as
V' =[cos(6/2)isin(0/2)](V, +V )[cos(6/2)+isin(6/2)ii | =
=V, +V cos 0+ (1-cos0)(ii-V )i-isin @] ixV |. (20)

It is clearly seen that rotation does not transform the sedeon-scalar part, but sedeonic vector V is
rotated on the angle € around fi.

The operations of time inversion (R, ), space inversion ( R, ) and space-time inversion (R,, ) are

connected with transformations in €,, €,, €,basis and can be represented as



R =€,Ve, :\70"‘91\71_92\72_93 3> 21)

4 Sedeonic Lorentz transformations

The relativistic event four-vector can be represented in the follow sedeonic form:

S=iect+e,r. (22)
The square of this value is the Lorentz invariant
SS==—-+x+y*+72°. (23)
The Lorentz transformation of event four-vector can be realized by uncompleted sedeons
L=ch$—e,Mshg, (24)
L =chd+e,msh9, (25)

where th29=v/c, v is velocity of motion along the absolute unit vector m . Note that
CL=CLLC=1. (26)
The transformed event four-vector S’ is written as
S'=LCS L=(ch&+e;shgm)(ie,ct+e,r)(chI—eshdm)=
ie,ct ch29—ie, (M-F)sh29 (27)

+e,f ch’9—e,ctmsh29+e, (M-F)sh’ +e, [[MxF]xm]|sh’g.

Separating the values with e, and e, we get the well known formulas for time and coordinates
transformation [23]:

_ t—xv/c’ oo X-tv =y, 7=1 28)
Ji-v? /e’ N ’ ’

where X is the coordinate along the M vector.

t!

Let us also consider the Lorentz transformation of full sedeon V .
The transformed sedeon V' can be written as sedeonic product
V'=CVL. (29)
V' =(chd+e,shdm)(V, +V)(chg—e,shg )
=V,ch’3—e Ve, sh’9+(e,V, -V,e, )M chIshg (30)
+Vch’9—e, MV e sh’9+(e, MV ~Vime, )chdshd.

Rewriting the expression (30) with scalar (11) and vector (12) products we get



V' =V,ch’$-e,V,e,sh’9+(e,V, —V,e, )M chIsh$
+Veh’9+e Ve, sh’9—2e, (M-V e, msh’ 31)
+(e (MV)=(V-m)e, |ch I shd+ (e, [MxV |-[V xm Je, |ch I sh.

Thus, the transformed sedeon have the following components:

V=V,

V) =V,

V/'=V, ch29+e, (M-V,)sh29,

V('=V, ch29+e, (M-V,)sh2d,
V'=Vch29-2(m-V)msh’9+e, | mxV, |sh2g, (32)
Vi =V, ch29-2(m-V, )i sh’d+e, | MxV |sh2g,

V=V, +2(m-V, )i sh’9+e,V, mMsh2g,

V=V, +2(m-V, )M sh*9+e,V, msh2g.

tr'r

It is seen that the sedeon components, which commute with e,, are transformed as field intensities

while the components that anticommute with e, are transformed as potentials [23].

5. Generalized sedeonic wave equation for massive field
Let us consider the field potential in the form of space-time sedeon
W (t,F) =W, (t,F)+W (t,F) . (33)

The potential of free field should satisfy an equation, which is obtained from the Einstein
relation for energy and momentum

E?-c’p’ =mc (34)

by means of changing classical energy E and momentum P on corresponding quantum-
mechanical operators:

E=in’ and p=—inV. (35)
ot
The Einstein relation (34) can be written using sedeonic algebra in the following form:
(ie,E +e,cp+e,mc’)(ie,E +e,cp+e,mc’)=0. (36)
Then the generalized sedeonic wave equation for free massive field can be written in the symmetric
form
.1 - ..m 1 mc ), ~
|et—£—e,V—| € me e, —g—eV —C W =0. (37)
c ot n c ot h

Redefining the operators



V =eV=e|—a+—a,+—a, |, 38
r r I’(ax 1 ay 2 az 3) ( )

m._ —e M
tr tr h
we can rewrite the equation (37) in compact form:
(i6, -V, —im, )(io, -V, —im, )W =0. (39)
(40)

Let us also consider the generalized sedeonic source
J(tF)=3,(tF)+I(tF) .

Then nonhomogeneous sedeonic wave equation for massive field can be written in the following
(41)

form:
(i, -V, —im, )(io, -V, —im, )W =J.

The sedeonic equation (41) can be represented in the form of system of Maxwell-like first-order
equations. Let us consider the sequential action of operators in (41). After the action of the first

operator we obtain

VW, —(V, W) =[ V, xW |—im W, —im W . (42)

(i6, =V, —im, )W =io,W, +io W

Introducing the scalar and vector field’s intensities
By =i0W, —(V, "W )—im,W,, (43)
(44)

E =ioW —V,W, —im,W —[V, xW |,

(45)

the relation (42) is presented as
(i6,—V, —im, )W =E +E.

Then the wave equation (41) can be written as
(46)

(i0, -V, —im, )(E, + E)=J,+J.
Applying the operator (i@t - ﬁr im ) to both parts of equation (46) and separating sedeon-scalar

and sedeon-vector parts we get the wave equations for the field intensities
(47)

(i, -V, —im, )(i6, -V, —im, ) E, =i0,3, (V, - T )—im,J,.

(io, -V, —im, )(io, -V, —im, )E =i0,J -V, J, —im, T = |V, xJ|.  (48)
On the other hand, performing sedeonic multiplication in expression (46) and separating sedeon-
scalar and sedeon-vector parts we obtain the system of the first-order equations for the field's

(49)

intensities:
i0,E, —(V, -E)—im,E, =J,,
(50)

i0,E -V, xE |-V,E,~im E=J.



In special case with the mass equal to zero the equations (49) and (50) coincide with the
Maxwell equations for electromagnetic field in a vacuum [22]. Indeed, choosing sedeonic potential

as
W =iep+eA,

and the source of electromagnetic field as
J=-iednp—e, 4?7[ i

we get the following wave equation:

. 10 -\(. 10 ~\ /. - . 4
e, ——-e V| lee——-eV|lleep+e A)=—ie . dnp—e — | .
( teot " j( teot j( tPTC ) t TP — €, c J

After the action of the first operator we obtain

10 =) N 1dp  10A o o o\ e
(let Ea—eer(letQ-i'erA) = _Eg_etr Ea—etr ®Q (V . A)—[VX A
Using the sedeonic definitions of the electric and magnetic fields
E-_LA_g,
c ot
H =—i[V x A]
and taking into account Lorentz gauge condition
1%, (ﬁ - A)— 0,
c ot

the expression (54) can be rewritten as

.10 = /. - L
(let Ea_ervj<le‘¢+ erA) =e,E—-IH.
Then the wave equation (53) can be represented in the following form:

. 10 - - L= . 4r -
(letga—ervj(etrE —iH ) = —ie4mp —e, — I

Performing sedeonic multiplication in the left part of equation (58) we get

e, L e, (v-E)-ie,[VE]

+et%%+ier (Vl—ﬁl)+ieIr Wx H]z—iet4np—er4TﬂT.

Separating space-time values we obtain the system of Maxwell equations in the following form:

(1)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)



e, ( V- E) =e,47p (time scalar part),
e, [6 x H ] =ie, 1, ie, hill j (space vector part),
c ot c
- (60)
e, [ﬁ X E] = —ie, Glal (time vector part),
ot
e (6 I:I): 0 (space scalar part).
The system (60) coincides with Maxwell equations.
Generalization of Dirac equation
In sedeonic algebra the Dirac equation is written as
(i6, =V, —im, )W =0. (61)

In fact, this equation describes the special field [21] with zero field intensities E, and E (see
expression (45)). In equation (61) the basis elements €, €,, €, and a,, a,, a, play the role of the
space-time operators, which transform the wave function W by means of component permutation.
The matrix forms of field potential W and e,, e,, €,, a,, a,, @, operators are presented in
Appendix A.

In special case with the mass equal to zero ehe equation (61) can be rewritten as
(i, -V, )W =0. (62)

In fact this equation describes the free massless field of electromagnetic nature (the neutrino field
[22]) with field intensities equal to zero (see the expression 57).

Conclusion

Thus in this paper we presented the new version of sixteen-component values “sedeons”,
generating associative noncommutative algebra. We proposed the generalized sedeonic second-
order wave equation for a massive field and showed that this equation can be represented as the
system of first-order Maxwell’s-like equations for the field intensities. The generalized Dirac
equation formulated in the sedeonic form was also considered.

We believe that sedeonic algebra is a powerful tool for the analysis of space-time symmetry in
relativistic field theory.
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Appendix A: Matrix representation of sedeons

Let us consider a matrix representation of the sedeon. We start with sedeon V in the
€,,€;,€,,6; basis

V=eV,teV, +eV, +eVs.



The sedeonic product of €, and V can be written as
eV =gV, +eV, —ie,V, +ieV,, (A1)

therefore the sedeonic unit €, enables the following matrix representation:

01 0 O
e = L0 00 : (A2)
oo 0 i
0 01 O
Analogously:
1 0 00 0 0 1 0 0 0 0 1
0100 0 0 0 i 0 0 -1 0
g, =1= , €, = , 8y = ) : (A3)
0 010 1 0 0 O 0 i 0 O
0 0 01 0O -i 0 0 1 0 0 0

Using (A2) and (A3) we can write a sedeon V (in €,,€;,€,,€; basis) in the following matrix form:

Vo Vi Vv,V
- |V o, —iV, iV,
V=1t 3 (A4)
) 1V, Vv, -1V,
Vo AV, vV
On the other hand we can write sedeon V in a,,d,,a,,a, basis
V =V,a, +V,a, +V,a, +V,a, .
Analogously the basis elements a,,3,,a,,a, have the following representation:
1 000 0 1.0 0 0 0 1 0 0 0 0 1
01 00 1 0 0 0 0 0 0 i 0 0 - 0
a,=1= ,a, = |, a,= , Ay = _ . (A5)
0 010 0 0 0 —i 1 0 00 0 i 0 0
0 0 01 0 0 i O 0 -i 00 1 0 0 0
Using (A5) a sedeon V' can be written in a,,a,,a, ,a, basis as a 4 x 4 matrix
VO Vl V2 VS
- |V VvV, -1V, IV
V — 1 0 3 2 (A6)

V, iV, Vv, -iV,
v, -iv, iV, V,

Thus the sixteen-component sedeon can be represented as a 16 x 16 matrix, which can be
represented in two different compact 4 x 4 form. First representation in €,,€,,€,,€, basis is (A4)

with V, components in a,,a,,a,,a, basis

10



VnO an Vn2 Vn3
V2 an VnO _iVn3 iVn2

V, = _ . : (A7)
Vn2 IVnS VnO _Ian
Vn3 _iVnZ ian VnO
Second representation in a,,a,,d,,a, basis is (A6) with V, components in €,,€,,€e,,€, basis
Voo o Ve Vaoo Vg
V = Vlk VOk _iV3k iVZk (A8)

< V2k iV3k VOk _ivlk
V3k _iV2k iVlk VOk

Let us consider the relations between unit vectors a,,4a,,a, and Dirac matrices. Introducing

new values

1 1 . 1 . 1
W, :E(VO +V,), W, :E(Vl +iV, ), W, :E(V1 -iV,), W, :E(VO -Vs), (A9)

we can write the sedeon in the basis of eigenfunctions of operator a, in the following form:
V =W, (1+a,)+W,(a, —ia,)+W,(a, +ia,) +W,(1-a,), (A10)

where (1+a,), (a,—1a,), (a, +ia,) and (1—a,) is a new sedeonic basis. Then the action of vector
operators can be represented as

aV =W, (1+a,)+W,(a, —ia,)+W,(a, +ia,) +W,(1-a,),
aV =—iW,(1+a,)+iW,(a, —ia,)—iW,(a, +ia,) +iW,(1-a,),
aVv =W, (1+a,)-W,(a, —ia,) +W,(a, +ia,)-W,(1-a,).

Therefore the unit vectors a,,a,,a, can be written in the new basis as the following matrices:

01 00 0O -i 0 O 1 0 0 O
1 0 00 i 0 0 0 0 -1 0 O
a, = , &, = |, 85 = , (A11)
0 0 0 1 0 0 0 —i 0 0 1 O
0 010 0 0 i1 O 0 0 0 -1
which coincide with spin operators in Dirac theory [24]:
01 00 0 -i 0 0 1 0 0 O
. 1 00 0 ., i 0 0 0] | 0 -1 0 O
0, = » O = .| O3 =
0 0 01 0 0 0 -—i 0 0 1 O
0010 0 0 i O 0 0 0 -1
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